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Abstract. In digital image analysis, edge detection, line detection, texture classification and 
so forth are basic to image understanding and interpretation. Since a typical image is void of 
predetermined directions of edge, line, or texture, diction independent filters are important 
for their detection. In designing of such filters the concept of circularly symmetric separable 
function is often used. Here, we show that every circularly symmetric separable function is 
Gaussian. This justifies the use of Gaussian filters in image processing. 
1. INTRODUCTION 
Let R be the set of reals and R+ = {x E Rlx 2 0). A function f : R + R is said to be 
Gaussian if and only if 
f(x) = kYW), (1-l) 
where k is a real constant and A : R -+ R is a function satisfying 
-4(x + Y> = A(x) + A(Y) (1.2) 
for all x,y E R. In the literature, A is often referred to as an additive function. The 
probability density function of a normal distribution is an example of a Gaussian function. 
A function G : R2 - R is called circularly symmetric if and only if there exists a function 
f : R+ + R such that 
C(x, Y) = f(m) (1.3) 
for all x,y E R. A function G : R2 -+ R is said to be separable if there exist functions 
g, h : R -) R such that [4] 
G(x, Y) = d+(y) (1.4) 
for all x, y E R. 
In digital image processing edge detection, line detection, texture classification and so 
forth are basic to the problems of image understanding and interpretation. Since a typical 
image does not have predetermined directions of edge, line or texture, direction independent 
filters are used for their detection. In designing of direction independent filters the concept 
of circularly symmetric separable function is used. For details readers may refer to [3]. If a 
function G : R2 -+ R is circularly symmetric and separable then 
g(x)h(y) = fbFG7) (1.5) 
for all x,y E R. In this note we show that circularly symmetric separable functions are 
Gaussian. In [3], the same result was established assuming g = h and f, g, h E C”. In fact 
the infinite differentiability off and g are not needed. Our approach is from the functional 
equation point of view and the proof is simple. The result of this note justifies why Gaussian 
filters are widely used in digital image processing. 
111 
112 P.K. SAHOO 
2. THE MAIN RESULT 
THEOREM. Let f : R+ + R and g, h : R -+ R be real valued nonconstant functions 
satisfying (eq:1.5) for all z, y E R. Then they are given by 
f(+) = abeA(“) (2.1) 
d+) = ,&t’) (2.2) 
h(x) = beA@‘) (2.3) 
where A : R + R is an additive function and a, b are arbitrary real constants. 
PROOF: It is easy to verify that (eq:2.1) to (eq:2.3) satisfy (eq:1.5). It is left to show that 
(eq:2.1) to (eq:2.3) are the only nonconstant solution of (eq:1.5). Letting y = 0 in 
(eq:1.5) we see that 
WI) = h(O)g(+) (2.4) 
for all x E R. Since f is nonconstant, h(0) # 0, otherwise f is identically 0. From 
(eq:2.4) and (eq:1.5) we obtain 
h(O)!&%?) = g(x)h(y). (2.5) 
Notice that the left side of the above equation is symmetric in x and y. Hence we get 
g(x)h(y) = g(y)h(+) (2.6) 
Also note that g(0) # 0 for the same reason as h(0) # 0. Putting x = 0 in (eq:2.6) we 
get 
(2.7) 
Now (eq:2.7) in (eq:2.5) yields 
h(O)h( dm) = h(x)h(y)t 
which in fact reduces to 
F( dw) = F(x)F(y) x, Y E R 
(2.8) 
(2.9) 
where 
F(x) := $. (2.10) 
The functional equation (eq:2.9) is called Gauss’s functional equation and its continuous 
solution can be found in [2]. 
From (eq:2.9) it is easy to see that F is an even function on R. Furthermore letting y = x 
in (eq:2.9) and using the fact that F is even, we get F(x) 1 0 for all x E R. Also note 
that F is nowhere 0. If F is 0 at some xc, then we get F(r) = 0 for all z > 1x01 and 
eventually F(x) = 0 for all z E R. Thus F(x) > 0 for ali x E R. We define 
G(x) := In F(&‘), x 10. (2.11) 
Hence (eq:2.9) reduces to 
G(x2 + y’) = G(z2) + G(y2). (2.12) 
From [l] (Theorem 7, pp. 19-20) we see that 
G(x2) = A(x2) (2.13) 
where A : R + R is an additive function, that is A satisfies (eq:1.2). Using (eq:2.11) 
we get 
F(x) = eA(+ (2.14) 
From (eq:2.14), (eq:2.10), (eq:2.7) and (eq:2.4) we obtain the asserted form off, h and 
g. This completes the proof. 
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COROLLARY. If G : R2 + R is a circularly symmetric separable function then G is either 
identically 0 or Gaussian. 
PROOF: If G is the 0 function it is obviously circularly symmetric and separable. We assume 
G is not identically 0. Then by the above theorem we get 
G(z, Y) = abeA(z’+~7) 
where a and b are arbitrary real constants. Hence G is Gaussian. 
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